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Abstract

This paper proposes a novel approach for computing planar quadrilateral
meshes complying with sizing prescriptions on boundary and feature curves.
The method relies on computing integrable orthogonal frame fields, whose
symmetries are implicitly represe nted using orthogonally decomposable (odeco)
tensors. To formulate an integrability criterion, we express the frame field’s
Lie bracket solely in terms of the tensor representation; this is made possi-
ble by studying the sensitivity of the frame with respect to perturbations in
the tensor. We construct an energy formulation that computes smooth and
integrable frame fields in both isotropic and anisotropic settings. The solver
creates and places the singularities required to fit the sizing constraints with
the correct topology. The computed frame field is integrated to a seamless
parametrization that is aligned with the frame field, and we propose a mesh
extraction method that relies on a greedy quantization of the parametriza-
tion.

Keywords:
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1. Introduction1

Meshes composed of quadrilaterals are known to offer superior perfor-2

mance than their triangular counterpart when used as a support in numer-3

ical simulations, however quad meshers still do not meet the same level of4

robustness, flexibility and quality required for industrial applications as tri-5

angular meshes. In three dimensions, generating fully hexahedral meshes6
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Figure 1: Overview of the approach on a three-component wing cross-section. An inte-
grable odeco field (close-up views) is computed that finds a frame field topology to comply
with user-provided sizing constraints (ratio of 1:2 between wing boundaries and outer
box). From this frame field a quadrilateral mesh is computed that closely matches the
orientation and sizing of the frames.
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is an even more difficult task, and their industrial use is consequently very7

limited despite a persistent demand from practitioners.8

Quadrilateral and hexahedral meshing are challenging because they cou-9

ple (a) a geometric problem, minimizing the distortion of the elements, and10

(b) a combinatorial problem, achieving a conforming connectivity structure11

that is free of hanging nodes. If one also desires a multi-block structure, a12

layer of complexity is added, requiring (c) an adequately coarse block struc-13

ture. The last two decades have seen the emergence of field-based approaches,14

which divide the problem in two main steps. (1) The combinatorial con-15

straints are ignored and a frame field is computed; a frame is a set of 2/3 di-16

rections representing the orientation (and sometimes the size) of a quad/hex.17

This frame field can be seen as a continuous representation of a mesh. (2)18

A mesh is generated using guidance from the frame field. This can be done19

through numerous approaches which we review below.20

An issue shared by most existing works is that no quad/hex mesh exactly21

follows the frame field computed a priori. This is due to the frame field not22

being integrable; we elaborate on this in section 3. This limitation of frame23

field-based methods means that the mesh deviates from the frame field and24

the user must compromise on element quality, control over element size and25

orientation, and control over the topology of the mesh. A more fundamental26

issue arises when the computed frame field has a topology (i.e., a singularity27

configuration) that is not meshable, making it unusable. This happens in28

the 2D case when limit cycles appear; in 3D the singular structure is very29

often invalid due to the presence of non-meshable singular edges and nodes.30

Our contribution overcomes this limitation in 2D and allows to generate31

frame fields on planar surfaces that are integrable (fig. 1, bottom); during32

this process the user can prescribe any orientation or size constraints along33

feature curves. Integrability guarantees that the frame field can be integrated34

to a seamless parametrization that is exactly aligned with the frame field and35

respects the prescribed constraints The parametrization is then quantized36

and a quad mesh is extracted (fig. 1, top); for this we propose a greedy37

strategy that is free of any costly integer optimization. The quality of this38

greedy quantization is made possible by the absence of limit cycles in the39

integrable frame field.40

Our frame field approach relies on orthogonally decomposable (odeco)41

tensors which serve as an algebraic representation for the frames. By study-42

ing the so-called eigenvalue sensitivity problem for tensors, we are able to43

formulate the problem completely in terms of this implicit algebraic repre-44
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sentation. This work is the first achieving integrability using odeco tensors.45

As they can be extended to three dimensions, this contribution paves the46

way for hex-meshable frame fields, which are allegedly the key to the long-47

standing problem of robustly generating optimal hexahedral meshes.48

2. Related work49

Frame field design. 4-direction fields, i.e., assignments of four directions to50

every point of a surface, and their application to quad meshing have been51

studied extensively in the computer graphics community; Vaxman et al.52

(2016) provide a review. Some important works (Ray et al., 2008; Crane53

et al., 2010) assume the field topology to be known in advance and optimize54

for cross field smoothness. If the topology is unknown, it can be represented55

explicitly and optimized through integer variables such as in (Bommes et al.,56

2009), which often leads to costly mixed-integer formulations. Alternatively,57

the topology can also be implicitly encoded in the field representation; our58

work fits in this category. Earlier works in this line of research include (Ray59

et al., 2006; Knöppel et al., 2013). A key challenge is being able to repre-60

sent singularities while maintaining unit norm frames. More recently, this61

problem has been re-framed in the Ginzburg-Landau framework, which re-62

places the ill-posed unit norm constraint by a penalty term taken to the63

limit (Beaufort et al., 2017; Viertel and Osting, 2019).64

Field-guided meshing. As an intermediate step before generating a quad65

mesh, a global parametrization is often computed on the domain using the66

guidance from the frame field. Among notable works we can cite (Kälberer67

et al., 2007; Bommes et al., 2009) who integrate the frame field in a least-68

squares sense to find the parametrization that best aligns to the frame field,69

or (Ray et al., 2006), who perform a curl-reduction procedure a posteriori.70

Another approach, e.g., in (Myles et al., 2014), is to trace out parametric71

lines from the frame field to form quadrilateral patches. Getting a quad mesh72

from a global parametrization is typically done using quantization methods,73

where a T-mesh is traced out and its edges are given integer lengths; see,74

e.g., (Campen et al., 2015; Lyon et al., 2021). Obtaining a quad mesh from75

a frame field can also be achieved robustly using frontal methods, by insert-76

ing points with guidance from the frame field. However, the topology of the77

frame field is usually not preserved, and remeshing and smoothing is often78

necessary a posteriori to fix regions of bad quality; see, e.g., (Reberol et al.,79

2021).80
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In this work, the parametrization step is made trivial as an integrable81

frame field is equivalent to a seamless parametrization. Hence, integrating82

the frame field provides a parametrization that is exactly aligned and matches83

the sizing of the frame field. This confers the user a complete control over84

the sizing and orientation of the mesh, a desirable property that cannot be85

achieved through conventional cross field guided meshing. For extracting a86

mesh from this seamless parametrization, we leverage the property that our87

geometries are planar and that the parametrizations are free of any limit88

cycles. Thanks to this, we can build a greedy quantization strategy that89

works directly on the parametrization’s quadrilateral layout.90

Frame representation. Computing frame fields with implicit topology re-91

quires a representation that is invariant to the ordering and symmetries of92

the frame vectors. The majority of frame field-driven methods use represen-93

tations of unit frames, or crosses, as they only care about the orientation94

of the mesh; a review can be found in (Vaxman et al., 2016). One of the95

most prominent representations is the trigonometric pair (cos(4θ), sin(4θ))96

(or, equivalently, the complex exponential ei4θ) which effectively encodes ro-97

tational symmetries and is trivially normalized to unit norm (Ray et al.,98

2006; Palacios and Zhang, 2007; Kowalski et al., 2013; Knöppel et al., 2013).99

However, this representation cannot encode sizes along with the directions.100

On the other hand, PolyVectors, introduced by (Diamanti et al., 2014), en-101

code the frame vectors as the complex roots of a degree 4 polynomial. They102

have the advantage that they can represent non-orthogonal frames (as done103

in (Sageman-Furnas et al., 2019)), but they offer no straightforward exten-104

sion to volumetric frames. For representing 3D frames, a spherical function105

is often used that is maximal in the directions of the frame. This function is106

encoded by its coefficients in the basis of spherical harmonics (Huang et al.,107

2011). Zhang et al. (2020) use this octahedral representation to design108

smooth cross fields on surfaces aligning to any specified extrinsic feature109

curves. As highlighted by (Chemin et al., 2019), the spherical harmon-110

ics representation can also be interpreted as a 4th-order tensor. Recently,111

Palmer et al. (2020) have proposed an extension of these representations112

that encodes sizes along the directions, relying on the so-called orthogonally113

decomposable (Odeco) tensors. As they are the only known representation114

that can encode three-dimensional orthogonal and scaled frames, we propose115

to use them in the 2D setting so that they can offer a 3D extension for later116

work.117
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Integrable frame fields. Motivated by the issue where the mesh is not aligned118

to the computed frame field, a handful of works have focused on computing119

frame fields that are integrable, i.e., the direction vectors are the gradients of120

a seamless parametrization. This property holds if the two vector fields are121

curl-free. Diamanti et al. (Diamanti et al., 2015) achieve this using PolyVec-122

tor fields. Unlike our approach, the integrability condition cannot be ex-123

pressed in terms of the PolyVector coefficients, and the optimization is done124

on the explicit direction vectors. In (Sageman-Furnas et al., 2019), PolyVec-125

tor fields are used to construct Chebyshev nets, i.e., quadrilateral meshes with126

a uniform size but not necessarily orthogonal. Our goal is slightly different127

(orthogonal quad meshing) but we address the same challenges regarding128

control of size and orientation. Like us, they optimize a frame field instead129

of a parametrization Jacobian, and express the integrability through the Lie130

bracket. The main advantage of odeco tensors compared to PolyVectors is131

that the former offer a natural extension to 3D frame fields. In (Jezdimirović132

et al., 2022), an integrable frame field is computed given a user-imposed (or133

pre-computed) singularity configuration. The frame fields are exactly inte-134

grable and the method can even remove limit cycles that appear in most135

field-based approaches. Having to specify singularities however is a signif-136

icant limitation, especially in the 3D case where almost all existing frame137

field solvers produce invalid singular configurations. (Vekhter et al., 2025)138

are the first to address integrability optimization for volumetric frame fields139

by directly optimizing over frame vectors defined on tetrahedra, and match-140

ing tensor moments on triangle faces. Their approach does not guarantee141

hex-meshability however, and importantly does not address the fundamental142

issue of discouraging ”zipper nodes”, which shows that integrability of 3D143

frame fields remains an open problem.144

2.1. Overview145

In section 3 we review the mathematical formalism behind parametriza-146

tions, their Jacobians and frame fields. We define the integrability property147

for frame fields and show how they are equivalent to seamless parametriza-148

tions. In section 4, we review the algebraic representation for our frames,149

which is the two-dimensional version of the odeco tensors proposed by Palmer150

et al. (2020). In section 5, we present two contributions: (a) an expression for151

the sensitivity of a higher-order tensor’s eigenvectors with respect to small152

perturbations of the tensor, and we use this result to show (b) an expression153

of a frame field’s Lie bracket only in terms of the tensor field coefficients154
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and their derivatives. In section 6 we present a last contribution, an en-155

ergy formulation that optimizes for smooth integrable frame fields, for both156

the isotropic and anisotropic cases. In section 7 we present our pipeline to157

compute a seamless parametrization from an integrable frame field, and our158

greedy strategy to extract a quad mesh from the parametrization. Section 8159

demonstrates the effectiveness of the algorithm.160

3. Integrable frame fields161

Seamless parametrizations. The idea of parametrization-based quadrilateral162

meshing is to map a coordinate system onto the domain to be meshed. The163

coordinate lines of this map then provide, at least locally, a quadrilateral164

mesh on the domain. Consider a planar domain Ω; we wish to parametrize165

Ω by assigning to each point p of Ω a pair of coordinates (u(p), v(p)). In166

general, this parametrization cannot be defined as a global continuous func-167

tion; cuts need to be introduced to obtain a disk topology on which u and168

v can be defined continuously. The parametrization is said to be seamless if169

across every cut, the coordinates transform through a rigid rotation of some170

multiple of 90◦; if u′ and v′ are the coordinates on the other side of the cut,171

then the transformation is seamless if172 (
u′

v′

)
=

(
0 1
−1 0

)
︸ ︷︷ ︸

R

k (
u
v

)
+

(
s
t

)
, (1)

for some k ∈ {0, 1, 2, 3} and fixed translation (s, t). If, on top of being173

seamless, the translation (s, t) is integer and the singularities lie at integer174

coordinates, then the parametrization is called an integer-grid map and ex-175

actly corresponds to a quadrilateral mesh.176

Computing seamless parametrizations is a challenging task due to the177

discrete nature of the cut graph involved, which is unknown a priori. In-178

stead, most existing works focus on computing the Jacobian (∇u,∇v) of179

a parametrization. Let (du,dv) be a pair of vector fields on Ω; they form180

the Jacobian of a parametrization (and are said to be integrable) if they are181

curl-free:182

∇× du = 0, ∇× dv = 0, (2)

and they transform through a 90◦-multiple rotation across cuts (which amounts183
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to differentiating (1)):184 (
du′

dv′

)
= Rk

(
du
dv

)
. (3)

If these properties are verified then the vector fields (du,dv) are essentially185

equivalent to a seamless parametrization, up to a global rigid rotation of186

the coordinate map. Computing a parametrization’s Jacobian is a more187

doable task, provided one can appropriately encode the symmetries in (3);188

we elaborate on that in section 4.189

Frame fields. Consider now the inverse of the parametrization r that maps a190

pair of coordinates to a point of the domain: p = r(u, v). This map can only191

be defined locally since the parametrization can map different points to the192

same coordinates. The Jacobian matrix of r defines the coordinate vectors u193

and v:194

Jr =

(
∂r

∂u

∂r

∂v

)
=
(
u v

)
, (4)

forming a coordinate frame F =
(
u v

)
. Since r is the inverse of the195

parametrization, their Jacobians are inverse of one another, meaning that196

the coordinate frame is the inverse of the parametrization’s Jacobian:197

Jr−1 = (Jr)
−1 ⇒

(
∇u
∇v

)
= F−1. (5)

Note that, looking at the off-diagonal terms in F−1F = I, we have ∇u · v =198

∇v · u = 0, meaning that the coordinate vectors u,v are orthogonal to the199

gradients of v, u, respectively, and therefore parallel to the isolines of v, u200

respectively. This shows how the frame field corresponds to a quad mesh201

through discrete isolines of the coordinate map u, v. Looking at the diagonal202

terms, we have ∇u ·u = ∇v ·v = 1, which indicates that the integer isolines203

are spaced out according to ∥u∥ and ∥v∥. We illustrate the introduced204

concepts and notations on fig. 2.205

Orthogonal case. In this work we are interested in frames that are orthogonal:206

u ⊥ v. Let û = u/∥u∥ and v̂ = v/∥v∥; the frame matrix F is then diagonal207

in the local orthonormal basis (û, v̂), and is easily inverted:208 (
∇u
∇v

)
=
(
u v

)−1
=

(
∥u∥ 0
0 ∥v∥

)−1

=

(
1/∥u∥ 0

0 1/∥v∥

)
. (6)

The Jacobian of the coordinate map can thus be computed by simply scaling209

the frame’s coordinate vectors: ∇u = u/∥u∥2 and ∇v = v/∥v∥2.210
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u

v

u′ v′ 

∇u

∇v ∇u′ ∇v′ 

cut line

Figure 2: A seamless parametrization across a cut. The isolines of the coordinate maps
u(p) and v(p) are depicted in red and blue, respectively. Notice how the gradients ∇u,∇v
and the frame vectors u,v undergo a 90◦ rotation as they cross the cut.

Frame field integrability. Several previous works, e.g., (Diamanti et al., 2015),211

build upon the curl-free condition (2) and compute parametrizations by com-212

puting vector fields (du,dv). However, in our case we want to be able to213

express the integrability condition directly in terms of our implicit frame214

representation, and expressing the individual curls of du and dv is not possi-215

ble as the two vectors are mixed in a single algebraic representation. Instead,216

we use the following property: the vector fields (du,dv) are curl-free if and217

only if the corresponding frame vectors
(
u v

)
=

(
du
dv

)−1

have zero Lie218

bracket :219

[u,v] = ∇uv −∇vu = 0, (7)

where ∇u and ∇v are directional derivatives. Note that this is true even if220

the frame field is not orthogonal. We refer to (Sageman-Furnas et al., 2019)221

for a proof, which calls for theory of differential forms on manifolds. Hence,222

a frame field F =
(
u v

)
guides a parametrization if its Lie bracket is zero,223

and this parametrization is seamless if the frame vectors transform through224

90◦ rotations across cuts, as in (3). We will see in section 5 how the Lie225

bracket can be expressed in terms of the implicit frame representation.226

Illustration. We provide a concrete example of an integrable frame field to227

illustrate the concepts introduced. Consider a frame field (u,v) on a domain228

described by polar coordinates:229

u(r, θ) = rêr, v(r, θ) = rêθ, (8)
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Figure 3: Example of an integrable frame field (rêr, rêθ) and its corresponding
parametrization (log r, θ), illustrated with a set of isolines of u and v.

where êr and êθ are the radial and tangential unit vectors, respectively. One230

can check that the directional derivatives coincide: ∇uv = ∇vu = rêθ,231

and their Lie bracket is zero. The parametrization gradient is obtained by232

inverting the frame matrix F:233 (
du
dv

)
=
(
u v

)−1
=

(
r 0
0 r

)−1

=

(
1/r 0
0 1/r

)
. (9)

Hence, du = êr/r and dv = êθ/r, and one can check that these vector fields234

are curl-free: ∇× du = ∇× dv = 0. Integatring du and dv then gives rise235

to a parametrization (u, v) = (log r, θ), defined everywhere except at r = 0236

and with a cut along the half-line (r, 0) with r > 0. This integrable frame237

field and its parametrization are illustrated in fig. 3.238

4. Algebraic representation of frames239

Due to the topology of the domain Ω and the presence of singularities in240

the frame field, it is not possible to define a globally continuous frame field241

(u,v). One needs to introduce cuts in the domain across which the frame242

vectors are symmetric according the rotations defined by (3). In order to243

compute a frame field without the need to introduce cuts, we extend the244
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uv v

−u

−v−u −v
u

Figure 4: Equivalence class of the 90◦ rotations of an orthogonal frame (u,v).

notion of frame such that it is invariant up to 90◦ rotations:245

F = {(u,v), (v,−u), (−u,−v), (−v,u)}. (10)

These symmetries are illustrated in fig. 4. Given this equivalence class, one246

needs to introduce an algebraic representation that unambiguously repre-247

sents a frame and supports arithmetic operations. To this end we resort248

to the class of two-dimensional orthogonally decomposable (or Odeco) ten-249

sors, which were introduced by Palmer et al. (Palmer et al., 2020) in the250

three-dimensional case. In this section we briefly lay out the theory of odeco251

tensors, and refer the reader to the paper for more details.252

Odeco tensors. Although the odeco theory applies to tensors of arbitrary253

order, we restrict the definitions to fourth-order tensors, as they are sufficient254

to represent frames. Let S4(Rn) be the space of n×n×n×n fully symmetric255

tensors, i.e., their real entries Ti1,i2,i3,i4 are invariant up to permutations of256

the indices i1, i2, i3, i4. n is the dimension of the tensor and corresponds to257

the dimension of the frame we wish to represent (2 or 3). A combinatorial258

inspection shows that tensor T has 5 independent components for n = 2,259

and 15 components for n = 3.260

Robeva et al. (Robeva, 2016) have studied a special class of tensors T261

that are said to be orthogonally decomposable, or odeco for short, if they can262

be written as263

T = λ1v
⊗4
1 + · · ·+ λnv

⊗4
n , (11)

where v1, . . . ,vn form an orthonormal basis of Rn. Note that for second-order264

tensors, S2(Rn) is the space of real symmetric matrices; these are always265

orthogonally decomposable according to the spectral theorem. Higher-order266
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tensors (≥ 3) however, admit rank-one decompositions with more than n267

terms.268

The notion of eigenvector can be generalized to higher-order tensors: w269

is an eigenvector of T with eigenvalue λ if270

Tw3 = λw, or, in Einstein notation, (12)

Ti,j2,j3,j4wj2wj3wj4 = λwi.

One can easily see that, for an odeco tensor T, the vectors vk in (11) are271

eigenvectors of T with corresponding eigenvalue λk.272

As odeco tensors only form a small subset of the space of fully symmetric273

tensors, one needs to characterize what makes a tensor odeco. The major274

result of Robeva et al. (Robeva, 2016) is the fact that odeco tensors form275

an algebraic variety defined by a set of homogeneous quadratic equations in276

the tensor coefficients. More precisely, T is odeco if the contraction (T ∗T)277

defined by278

(T ∗T)i1,i2,i3,j1,j2,j3 = Ti1,i2,i3,sTj1,j2,j3,s (13)

is a fully symmetric tensor, i.e.,279

T ∗T ∈ S6(Rn). (14)

Frames as odeco tensors. To represent a 2D orthogonal frame in a way that280

is invariant to the permutations in (10), we use an odeco tensor of which the281

eigenvalues and eigenvectors, as defined in (12), match the frame directions282

and sizes. Specifically, let u,v be the frame vectors, λ, µ their norms and283

û, v̂ their normalization such that u = λû, v = µv̂. Then the corresponding284

tensor is defined as285

T = λû⊗4 + µv̂⊗4. (15)

Notice how this tensor remains the same when plugging in any of the rotations286

of (10). We can now justify the choice for a fourth-order tensor: an even287

order is required for the tensor to be invariant to the signs of the vectors,288

and order 2 cannot be chosen since, in the case λ = µ, the tensor degenerates289

to a multiple of the identity matrix, T = λI, and then any vector of R2 is an290

eigenvector of T and one loses the direction vectors û, v̂. Order 4 is therefore291

the lowest possible order for our purpose.292
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Figure 5: Polynomial representation pT(θ) of (left) an arbitrary tensor, and (right) an
odeco tensor, with the corresponding frame vectors. Green represents positive values for
pT(θ) and magenta represents negative values.

Polynomial representation of tensors. There is a one-to-one correspondence293

between 4th-order fully symmetric tensors of dimension n, and degree 4 ho-294

mogeneous polynomials of n variables, given by295

pT(x1, . . . , xn) = Ti1,i2,i3,i4xi1xi2xi3xi4 . (16)

Since it is homogeneous, one can restrict this polynomial to the sphere Sn−1,296

since297

pT(x) = ∥x∥4 pT

(
x

∥x∥

)
. (17)

We can therefore define a function pT(θ) such that pT(x) = ∥x∥4 pT(θ); this298

function is periodic with period π, since pT(x) = pT(−x). Such a function299

can be conveniently visualized by taking a unit circle and virtually stretching300

it according to the value that pT takes on the circle; formally, one draws the301

parametric curve given by r(θ) = pT(θ) for θ ∈ [0, 2π[. We show this on fig. 5.302

303

A natural way to encode this polynomial is to decompose it into an304

orthonormal basis of functions on the sphere Sn−1. Considering the two-305

dimensional case n = 2, pT(θ) can be decomposed into the Fourier series306

pT(θ) =
1√
2π

q0 +
1√
π
cos(2θ) q1 +

1√
π
sin(2θ) q2

+
1√
π
cos(4θ) q3 +

1√
π
sin(4θ) q4,

(18)

where q = (q0, . . . , q4) fully describes the polynomial and its corresponding307

tensor. These basis functions, shown in fig. 6, correspond to two-dimensional308
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1√
2π

1√
π
cos(2θ) 1√

π
sin(2θ) 1√

π
cos(4θ) 1√

π
sin(4θ)

Figure 6: Orthonormal basis of circular harmonics used to represent odeco tensor polyno-
mials. Green represents positive values for pT(θ) and magenta represents negative values.

spherical harmonics and are sometimes called circular harmonics. The num-309

ber of five is not surprising since the original tensor has five independent310

components: T1111, T1112, T1122, T1222 and T2222. The change of basis from311

T to q is done through a linear transformation, which can be derived by312

matching expressions (16) and (18).313

Eigenvectors and eigenvalues of higher-order tensors, defined in (12), can314

be interpreted in the polynomial representation through the following prop-315

erty: w is an eigenvector of T with eigenvalue λ if and only if316

∇pT(w) = 4 λ w. (19)

In other words, the eigenvectors of T correspond to the stationary points of317

pT(θ).318

Algebraic variety in the 2D case. A 2D fourth-order tensor is completely319

defined by a set of five coefficients (q0, . . . , q4). This tensor corresponds to a320

frame if the tensor is odeco, i.e., it lies on the algebraic variety defined by321

the set of quadratic equations (14). In the 2D case (n = 2), we can write out322

this set of equations and change the basis to q, and derive the following set323

of linearly independent equations that define the variety:324 
c1(q) = q20 − 18(q23 + q24) = 0

c2(q) =
√
2q0q1 − 6q1q3 − 6q2q4 = 0

c3(q) =
√
2q0q2 − 6q1q4 + 6q2q3 = 0

(20)

Area of a frame. The optimization we perform on the frame field requires to325

normalize the integrability condition to make it independent of the size of326

the frame. We choose to do this normalization with the area of the frame,327
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Figure 7: Range of isotropic tensors, the middle one being odeco. All tensors have a set
of 4 eigenvectors with the same eigenvalues.

i.e., the product of the sizes a = λµ. This can be interpreted as the local328

area of the quad elements in the frame’s neighborhood. One can show that329

it can be expressed only in terms of the circular harmonics coefficients q:330

a(q) = λµ =
1

π

(
8

9
q20 − (q21 + q22)

)
. (21)

We show later in Section 6 how this expression is used to normalize the331

integrability condition.332

Isotropic case. A frame is isotropic, i.e., its vectors have equal length λ = µ,333

if its degree 2 coefficients are zero: q1 = q2 = 0. The algebraic variety reduces334

to a single quadratic equation c1(q) = 0. When the degree 2 coefficients are335

zero, the tensor eigenvectors are always orthogonal, even if the tensor is not336

odeco. A range of isotropic tensors is illustrated on fig. 7. We see that in337

the general non-odeco case, this class has an additional degree of freedom338

depending on how close it is to a sphere. We explain in section 8 how this339

extra degree of freedom is beneficial as it allows to represent singularities.340

5. Integrability condition341

Since there is a one-to-one correspondence between frames (as defined342

in (10)) and orthogonally decomposable (odeco) tensors with positive eigen-343

values (as defined in (15)), one can express the integrability condition (7)344

solely in terms of the odeco tensor coefficients and their spatial derivatives.345

In this section we show how we derive the closed-form expression for the Lie346

bracket.347

Consider a frame F =
{
Rk(u,v), k = 0, 1, 2, 3

}
, where R performs a 90◦348

rotation as defined in (1) and illustrated in fig. 4. Every pair of vectors in F349
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has the same Lie bracket, which we denote Lie(F):350

Lie(F) = [Rku,Rkv], k = 0, 1, 2, 3. (22)

First we write the Lie bracket [u,v] in index notation:351

[u,v]i = uα
∂vi
∂xα

− vα
∂ui

∂xα

. (23)

Let T denote the odeco tensor corresponding to F. We apply the chain rule352

to express the spatial derivatives on the tensor coefficients:353

[u,v]i = uα
∂vi

∂Tj1j2j3j4

∂Tj1j2j3j4

∂xα

− vα
∂ui

∂Tj1j2j3j4

∂Tj1j2j3j4

∂xα

. (24)

In the remaining of the section we show how (a) the sensitivity terms ∂vi/∂Tj354

and ∂ui/∂Tj are derived, and (b) how the Lie bracket is completely expressed355

in terms of the tensor coefficients T.356

Eigenvalue sensitivity for tensors. Recall that u,v are eigenvectors of T as357

defined by (12). Finding the sensitivity terms ∂vi/∂Tj and ∂ui/∂Tj can358

be done by analyzing how the eigenvectors u,v change when adding an in-359

finitesimal perturbation δT to the tensor. This analysis is well-known for360

matrices as the eigenvalue perturbation problem, but can be generalized to361

higher-order tensors, provided they are odeco. We leave the complete deriva-362

tion in appendix Appendix A and retain the main result: if (λ, ŵ) is an363

eigenpair of odeco tensor T, then the sensitivity of w = λŵ with respect to364

a perturbation δT is given by365

δw = (δT)ŵ3. (25)

From this result we find that the partial derivatives are given by366

∂wi

∂Tj1j2j3j4

= δij1ŵj2ŵj3ŵj4 , (26)

where δij is the Kronecker delta symbol. Note that an eigenvector’s sensi-367

tivity only depends on itself and not on the other eigenvectors of the odeco368

tensor.369
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Lie bracket in terms of tensor representation. We now wish to find an expres-370

sion for the Lie bracket (24) so that it only depends on the tensor coefficients371

T and not on the frame directions u,v. Plugging in the sensitivity result (26)372

yields373

[u,v]i = (∥u∥ûαv̂j2 v̂j3 v̂j4 − ∥v∥v̂kûj2ûj3ûj4)
∂Tij2j3j4

∂xα

. (27)

We see that an expression close to the odeco tensor definition (15) starts to374

appear. The last ingredient is to note that û and v̂ are related by a 90◦375

rotation, which can be written an v̂i = ϵijûj and ûi = −ϵij v̂j, where ϵij is376

the two-dimensional Levi-Civita symbol. Plugging this into the Lie bracket377

expression and identifying the tensor coefficients yields378

Lie(T)i = ϵj2k2ϵj3k3ϵj4k4Tαk2k3k4

∂Tij2j3j4

∂xα

. (28)

As the tensor coefficients T are a linear transformation of the polynomial379

coefficients q, one can express the Lie bracket in terms of q only:380

Lie(q)i = Cijkα qk
∂qj
∂xα

, (29)

where the Cijkα are known coefficients. This expression is a key result of this381

work as it allows to compute an integrability metric that does not involve382

the frame vectors, but instead a quadratic function of the implicit tensor383

representation.384

6. Optimization385

We design an optimization formulation that aims at making the Lie386

bracket (29) as close to zero as possible, with close-to-odeco tensors (20)387

having positive sizes (λ, µ > 0). To do so we define the following energy388

functionals on the domain Ω:389

ELie[q] =

∫
Ω

∥Lie(q)∥2

a(q)2
dx , (30)

Eodeco[q] =
3∑

i=1

∫
Ω

ci(q)
2

a(q)2
dx, (31)

EDir[q] =
5∑

j=1

1

2

∫
Ω

∥∇qj∥2 dx . (32)
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Figure 8: Energy normalization acts as a barrier preventing sizes from going negative.
Left: a frame field optimized with the unnormalized Lie bracket produces frames with
negative sizes, violating the local injectivity. Right: using the normalized energies forces
sizes to remain positive.

The normalized Lie bracket energy ELie aims at making the frame field inte-390

grable, the normalized odeco penalty Eodeco at keeping the tensors odeco, and391

the Dirichlet energy EDir strives for smoothness of the frame field (Palmer392

et al. (2020) have shown that, since the L2 distance on q corresponds to393

the L2 distance between the polynomials pT, the Dirichlet energy is an ade-394

quate proxy for the smoothness of the frame field). The area expression a(q)395

in the denominator of the Lie bracket energy and the odeco energy acts as396

a normalization: ELie and Eodeco do not depend on the global scale of the397

frame field, i.e., for a constant factor α, ELie/odeco(αq) = ELie/odeco(q). It398

also acts as a barrier, preventing the frame sizes λ and µ from becoming zero399

or negative, provided the initial solution has positive sizes; this is illustrated400

in fig. 8. We assemble these energies in a Ginzburg-Landau fashion, to define401

a smoothness energy and an integrability energy :402

Esmooth[q] = EDir[q] +
1

ϵ2
Eodeco[q],

Einteg[q] = ELie[q] +
1

ϵ2
Eodeco[q].

(33)

Parameter ϵ has units of length and, like in the Ginzburg-Landau functional,403

controls the size of the singularity neighborhoods where the frames drift away404

from the odeco variety. This behavior is illustrated in fig. 9. In our method,405

minimizing Esmooth will serve as a initial solution to the minimization of of406
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Figure 9: Minimizers of Einteg[q] producing a valence 5 singularity with different ϵ pa-
rameters. Left: a large ϵ produces a diffuse singularity. Right: a small ϵ locates the
singularity more precisely. Setting an even smaller ϵ might destroy the singularity if it is
not topologically necessary.

Einteg.407

Discretization. The frame field is discretized on a standard triangle mesh408

over Ω. At each node we store the five circular harmonics coefficients q =409

(q0, . . . , q4). The coefficients are linearly interpolated on the mesh using410

continuous P1 triangular finite elements. The energy functionals are then411

evaluated using a standard 3-point quadrature rule on the triangles. Note412

that we are using a continuous solution space for the frame field even though413

the actual field is not defined at the singularities and therefore cannot be414

represented by our discretization. This justifies our weak enforcement of the415

odeco constraint through a penalty term: it allows the creation of singular-416

ities in a way that does not blow up the integrability energy ELie, by using417

tensors which have no preferential directions, i.e., a circle as in fig. 6, left.418

Behavior of ELie at singularities. Since we are using a continuous represen-419

tation for the frame field, a legitimate concern is whether the Lie bracket420

energy ELie remains bounded around singularities. To analyze this we com-421

pute an exactly integrable frame field around a singularity of index i; this422

frame field is given in polar coordinates by423

u(r, θ) = ri (cos((1− i)θ) êr − sin((1− i)θ) êθ),

v(r, θ) = ri (sin((1− i)θ) êr + cos((1− i)θ) êθ).
(34)

Notice that the size ri vanishes at the singularity for i > 0 (valence 3 and424

less) and blows up for i < 0 (valence 5 and more). One can check that425

this frame field indeed has zero Lie bracket. These integrable frame fields426
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(a) index = +1/4 (b) index = 0 (c) index = −1/4 (d) index = −1/2

Figure 10: Parametrization isolines (in black) and their coordinate frames (in blue) defined
by eq. (34) for a range of singular indices. Notice how the frame field grows or shrinks
according to the singularity index.

along with their corresponding parametrization are illustrated in fig. 10. To427

evaluate how our Lie bracket energy fairs on a discretized mesh, we represent428

this frame field on finite element meshes of varying sizes and evaluate both429

the integrated energy ELie as well as the maximum value of the integrand;430

this is shown on fig. 11. We see that even though the value of the integrand431

blows up when refining the mesh, the energy remains bounded and converges432

to a fixed value for both singularities. The energy is higher for a valence 5433

singularity than a valence 3 since the size is unbounded. This property makes434

it possible for our solver to introduce singularities whatever the mesh size, if435

they make the frame field more integrable.436

Recovering a frame field. The minimization of (33) provides a field of tensors437

that is odeco everywhere except in the vicinity of singularities. We recover a438

frame at every node of the mesh in two steps: first, the tensors are projected439

onto the odeco variety using the projector of Palmer et al. (2020), using440

a semidefinite relaxation of the exact projection problem. This operation441

results in a set of frames of which we only keep the direction vectors û, v̂. In442

a second step, the sizes of the direction vectors are computed by contracting443

the tensor 4 times, as if they were eigenvectors:444

λ = Tû4, µ = Tv̂4. (35)

We found that this approach for recovering sizes provided better results than445

using the sizes given by the projector; this is because the Lie bracket is446

expressed in terms of the eigenvectors and eigenvalues of the odeco tensor447

field.448
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Figure 11: Convergence of the Lie bracket energy ELie around singularities of valence 5
and 3. H(q) denotes the integrand of ELie: H(q) = ∥Lie(q)∥2/a(q)2.

The optimization procedure to compute an integrable frame field is sum-449

marized in Algorithm 1.450

7. Frame field guided parametrization and meshing451

Once an integrable frame field is obtained, we extract a fully quadrilateral452

mesh in two main steps described in following subsections. First, a seamless453

parametrization is computed; this step is made easy by the integrability454

property of the frame field. Second, the parametrization is quantized and455

a quad mesh is extracted and smoothened. An overview of the pipeline is456

depicted in fig. 12.457

7.1. Seamless parametrization458

We briefly review how a seamless parametrization is computed from the459

frame field F(x) obtained through the optimization of (33); for a more de-460

tailed treatment we refer to, e.g., (Bommes et al., 2009).461

We compute a field-guided seamless parametrization with the following462

steps:463
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(a) Integrable frame field (b) Seamless parametrization (c) Quad layout of separatrices

(d) Raw quad mesh (e) After smoothing

Figure 12: Overview of the parametrization and meshing pipeline. An integrable frame
field q(x) (a) is computed respecting user-prescribed boundary conditions. The frame field
is integrated to a seamless parametrization (u(x), v(x)) (b) that is continuous everywhere
but across a cut graph. Separatrices are traced as isolines from singularities to form a
quadrilateral layout (c). This quad layout is quantized and a rough, initial quad mesh is
generated through transfinite interpolation (d). Finally, a smoothing step is performed to
obtain the final quad mesh (e).
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Algorithm 1 Integrable frame field solver

Input: A triangle mesh on a planar geometry, with size and/or orientation
constraints on boundaries
Output: A smooth integrable frame field

On boundaries, assign frames respecting constraints.
In interior, assign zero frames.
Compute T and q using (15).
q← argminqEsmooth[q] using L-BFGS. (eq. (33))
q← argminqEinteg[q] using L-BFGS. (eq. (33))
for each node do

Recover directions û, v̂ using projection of (Palmer et al., 2020).
Recover frame sizes λ, µ using (35).

end for

Interpolation on triangles. The tensor field q, defined at the mesh ver-464

tices, is interpolated on each triangle t = (v1, v2, v3), and then projected465

onto the odeco variety V :466

qt = ΠV

(
1

3
(qv1 + qv2 + qv3)

)
.

Singularity detection. Singular vertices are identified by calculating the467

turning number of the frames around a vertex’ 1-ring N1(v); this num-468

ber is +1/4 or −1/4 for a singularity of valence 3 and 5, respectively.469

Cut graph. The triangle mesh is ”cut open” such that a closed curve cannot470

turn around a singularity without crossing the cut graph.471

Frame vectors assignment. Thanks to the cut graph, two vectors u and472

v can be chosen from each frame to form two piecewise constant vector473

fields u(x) and v(x). Each cut in the cut graph has a matching that474

indicates how to match frame vectors across the cut.475

Integration. The frame vector fields u(x) and v(x) are integrated to piece-476

wise linear scalar potentials u(x) and v(x) by solving the least-squares477
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problem478

min
u(x)
v(x)

∫
Ω

(∥∥∥∥∇u− u

∥u∥2

∥∥∥∥2 + ∥∥∥∥∇v − v

∥v∥2

∥∥∥∥2
)

dx . (36)

During this optimization, the parametrization is constrained to be479

seamless, meaning that (i) on the boundary, one of the potentials u480

or v is constant, and (ii) along each cut, the matching potential gra-481

dients are equal (which amounts to impose (3)). These seamlessness482

constraints can be written as linear constraint on the unknowns which483

are straightforward to impose.484

We call the residual of the optimization objective (36) the integration485

error einteg; it quantifies how integrable the frame field was, and in general486

how well the parametrization aligns to the prescribed frame field. Achiev-487

ing a small integration error means we can adequately control the size and488

orientation constraints in the seamless parametrization process.489

7.2. Quad mesh extraction490

A quadrilateral mesh cannot be directly extracted from a seamless parametriza-491

tion, due to the integer parametric isolines not agreeing on the cut lines and492

singularities not lying at integer locations; see fig. 12b. An ”integer round-493

ing” of sorts is necessary to eliminate these discontinuities. As reviewed in494

section 2, this usually requires a tedious and costly integer optimization pro-495

cess. Being in the planar setting, and our frame fields being free of limit496

cycles, all separatrices (parametric isolines traced from singularities) have a497

finite length. This means we can forgo any T-mesh, and work directly on498

a quadrilateral layout (sometimes called the base complex ). We designed499

a robust greedy quantization strategy that is free of any costly integer op-500

timization. We outline this strategy below, as well as the post-processing501

needed to extract and smooth the final quad mesh.502

Separatrix tracing. For each singular vertex p, we trace and propagate503

3 or 5 separatrices, depending on the vertex’ singularity index. Let504

up, vp be the (unique) pair of scalar potentials at the singularity. For505

each triangle in the 1-ring N1(v), we look if either isoline u(x) = up506

and/or v(x) = vp traverses the triangle. The isolines are then propa-507

gated in the mesh by marching on triangles, taking special care when508
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crossing the cut graph to apply the adequate matching. The propaga-509

tion stops when hitting a boundary or another singular vertex, which510

is guaranteed to happen as long as the parametrization is free of limit511

cycles.512

In order to comply with user-described features, separatrices are also513

traced from concave corners (2 separatrices) and feature line endpoints514

(3 separatrices).515

Quantization. The traced separatrices partition the domain into quadri-516

lateral patches (fig. 12c). Quantization consists in assigning an integer517

length to every edge in the layout. First, we find the quad strips of518

the layout; a quad strip is a sequence of consecutive quad patches, and519

can either be closed or start and end on a boundary. Each patch be-520

longs to exactly two strips, one for each orthogonal direction. Every521

quad strip s has an initial (non-integer) parametric width ls, and the522

quantization problem consists in choosing an integer width for every523

strip (which can be zero). At first, rounding every ls to the nearest524

integer seems evident, however this usually leads to a poor quantiza-525

tion: the quad layout usually contains a large number of thin (ls < 0.5)526

quad strips, and collapsing them causes the total parametric area to527

decrease, leading to poorly shaped quads in the final mesh. Instead, we528

designed a novel greedy strategy that aims to preserve the total para-529

metric area during the quantization process. At a high level, each edge530

e has a modified parametric length l(e), and when quantizing a quad531

strip, the lost or gained parametric area is transferred to the neigh-532

boring left and right patches along the strip. This method is detailed533

in algorithm 2. Experimentally, we found that using this strategy over534

the naive rounding reduces the lost parametric area from 30-40% down535

to under 5%, providing a high-fidelity quantization without any costly536

integer optimization.537

Collapse of quadrilateral strips. As some quad strips have been collapsed538

to zero integer width, some vertices of the quadrilateral layout have to539

be merged before proceeding to the meshing step. Vertices that are540

joined through a collapsed edge are grouped into vertex clusters, and a541

representative vertex is chosen. If a singularity or corner is present in542

the cluster, it is set as the representative vertex; this allows to preserve543

the singularity locations from the frame field.544
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Algorithm 2 Greedy quantization

Input: A quadrilateral layout made of n quad strips ; each strip s has a
(non-integer) target parametric length ltargets .
Output: A quantized quadrilateral layout; each strip s has an integer
length ls

Set initial parametric length l(e)← ltargets

for n times do
for each non-quantized quad strip s do

qs ← argminq∈ZC(q) =
∑

(e1,e2)∈s |l(e1)− q| l(e2)
end for
Choose strip s∗ with minimal C(qs∗) and quantize it: ls∗ ← qs∗
for each patch (e1, e2) in s∗ do

Transfer parametric area (l(e1)−l(s∗)) l(e2) to neighboring patches:
l(eleft)← l(eleft) +

l(e1)−l(s∗)
2

l(eright)← l(eright) +
l(e1)−l(s∗)

2

end for
end for

Quadrilateral meshing and smoothing. One can finally mesh the patches545

with a positive integer area. For interior (non-feature) patch edges,546

we have lost the exact geometric representation because of the edge547

collapses, hence we simply draw straight lines; boundary and feature548

edges, however, are exactly preserved. The patches are meshed at the549

adequate quantization using a transfinite interpolation (Gordon and550

Hall, 1973) (fig. 12d). A final smoothing is performed on the mesh us-551

ing the untangler of Garanzha et al. (2021) (fig. 12e). This algorithm552

takes as input a target shape for each quad element; we feed as a target553

the frame field evaluated on the original patch, before the collapses are554

performed.555

Note that the quadrilateral mesh we extract does not necessarily have the556

coarsest quad layout that is achievable given the singularity configuration.557

Indeed, integrability of the frame field does not guarantee that the singular-558

ities connect through their separatrices. A user wishing to obtain a coarse559

multi-block layout can resort to, e.g., the method of Couplet et al. (2021),560

who perform a quad layout simplification directly on an input quad mesh.561
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8. Results and Discussion562

To demonstrate the validity of our method, we first compare smooth563

frame fields against integrable frame fields for a set of geometries where the564

frame orientations and sizes are fixed on the boundaries. For each frame field565

we extract a quad mesh as described in the previous section, and measure the566

integration error committed when computing the seamless parametrization.567

Parameter settings. For each test case we use a fixed odeco parameter ϵ that568

has the order of magnitude of the local mesh size. As described in algo-569

rithm 1, we consecutively solve for a smooth frame field using Esmooth, then570

an integrable one using Einteg. To solve each optimization problem we use a571

standard quasi-Newton L-BFGS solver. The integral calculations are done572

in parallel over the triangles. Computations were done on a MacBook Pro573

equipped with an M3 Pro using 6 threads for the parallelization. Information574

on the input and output mesh sizes as well as the run times of the different575

steps are detailed in table 1.576

Smooth vs integrable frames. The results of this comparison are illustrated577

in fig. 13. On average, the integrable frame field achieves an integration er-578

ror that is 1 or 2 orders of magnitude smaller than the smooth frame field.579

The smooth frame fields do not have the correct singularity configuration to580

perform the required size transition. This causes the corresponding meshes581

to have poor quality and completely violate the user-prescribed sizing con-582

straints, even though the frames are fully isotropic. On the other hand, the583

integrable frame fields have a set of singularities that ensure the size transi-584

tions, and this is reflected in the meshes where the elements remain isotropic585

and have the correct sizes at the boundaries.586

Singularities. These results also exhibit how the field of tensors behaves in587

the vicinity of singularities. As expected, the tensors become non-odeco as588

they narrow the singularities; this allows the solver to represent singularities589

in a way that is not too costly in terms of integrability energy. However it590

also brings a limitation: as the tensors are not odeco, the assumptions needed591

for the integrability energy fail, causing the frame field to not be exactly592

integrable close to singularities. In practice, one needs to tune parameter ϵ593

to achieve an appropriate trade-off between singularity cost and integrability.594
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Smooth frame field Quad mesh. Integ. frame field Quad mesh

(a) Size is 1 at bottom, 2 at top, and varies linearly on the sides.

integ. error: 1.44× 10−2 integ. error: 7.96× 10−4

(b) Size is 1 at bottom, 10 at top, and varies linearly on the sides.

integ. error: 3.12× 10−1 integ. error: 3.31× 10−3

(c) Size is 2 on the inside and 1 on the outside.

integ. error: 6.03× 10−2 integ. error: 1.40× 10−2

Figure 13: Comparison of smooth frame fields and integrable frame fields when sizes are
imposed on boundaries. For each frame field the corresponding quad mesh is illustrated.
All frame fields are isotropic.
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Isotropic frames Anisotropic frames

einteg = 1.44× 10−2 einteg = 3.90× 10−4

einteg = 3.85× 10−3 einteg = 2.67× 10−3

einteg = 1.93× 10−3 einteg = 1.01× 10−3

Figure 14: Quadrilateral meshes computed for various models in both isotropic and
anisotropic settings. einteg denotes the integration error. Boundary size conditions are:
(top) 1 at bottom and 2 at top, (middle) 1 on inner boundary and 2 on outer boundary,
(bottom) 1 on inner and outer boundaries.
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Figure 15: Frame field (left) and quad mesh (right) complying with a user-provided feature
line. On the boundary and feature line, a ratio of 1:10 is prescribed between the normal
and tangential directions.

Isotropic vs anisotropic frames. Figure 14 compares the isotropic and anisotropic595

frame fields obtained with our solvers on additional examples. The anisotropic596

solver produces a very distinct singularity configuration compared to the597

isotropic solver, and achieves a much smaller integration error thanks to the598

additional degrees of freedom. Figure 15 presents a testcase with highly599

anisotropic sizing prescription. Elements lying on boundaries and internal600

features must have an aspect ratio of 1:10, respectively in the directions nor-601

mal and tangent to the feature curve. We see that the odeco representation602

is able to capture this high degree of anisotropy, and the integrability crite-603

rion successfully inserts the correct singularities to make the size transition604

happen.605

Limit cycles. Conventional frame field-driven quad meshing methods fail due606

to the presence of limit cycles in the frame field, which are the consequence607

of a non-meshable topology. A standard test case where a limit cycle appears608

is the nautilus model, for which we show our results on fig. 14, bottom. Our609

method successfully produces singularity configurations the are free of limit610

cycles, and a valid quad mesh can be extracted.611

Existence of integrable frame fields. Given a set of boundary conditions, an612

exactly integrable frame field does not exist in general; in our case, by im-613
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Run times (s)
Model Size #T FF P+MB+Q Smooth #Q
3-comp. wing (fig. 1) iso 6.9k 720 < 1 208 9630
Disk (fig. 12) iso 1.6k 18 < 1 < 1 704
Square 1-2 (fig. 13a) iso 2.1k 9 < 1 < 1 196
Square 1-10 (fig. 13b) iso 2.1k 242 < 1 6 652
Annulus (fig. 13c) iso 1.3k 20 < 1 3 831
Square 1-2 (fig. 14) aniso 2.1k 298 < 1 < 1 215
Tilted squares (fig. 14) iso 1.9k 36 < 1 12 1704
Tilted squares (fig. 14) aniso 1.9k 237 < 1 11 1788
Nautilus (fig. 14) iso 7.2k 157 < 1 38 2152
Nautilus (fig. 14) aniso 7.2k 1397 < 1 6
Disk + feature (fig. 15) aniso 3.2k 997 < 1 40 1209

Table 1: Statistics and run times for the various models in previous figures. #T denotes
the number of triangle elements in the input mesh, #Q the number of quad elements in the
output mesh. Run times are detailed for the frame field optimization (FF), parametrization
(P), multi-block decomposition (MB), quantization (Q) and smoothing.

posing sizes strongly on the boundaries, an integrable isotropic frame field614

very often does not exist. We refer to (Jezdimirović et al., 2022) and the615

Abel-Jacobi framework for a complete treatment of these aspects. The non-616

existence of an integrable frame field can explain why a Lie bracket of zero617

is not achievable. Moreover, the smaller integration error achieved by al-618

lowing anisotropic frames (as illustrated in fig. 14) shows that the boundary619

conditions truly obstruct the integrability. This can be alleviated either by620

relaxing the boundary conditions or the isotropy constraint.621

Source code. Our implementation of the complete meshing pipeline will be622

made publicly available upon paper acceptance.623

9. Conclusion and Future Work624

In this work, we have shown how to leverage the theory of orthogonally625

decomposable tensors to produce integrable frame fields. We have studied626

the tensor eigenvalue perturbation problem and found simple expressions627

for the eigenvalue sensitivity of tensors. This result enables us to write a628

frame field’s Lie bracket (and thus, the integrability optimization problem)629

solely in terms of its tensor representation. The integrable frame field can be630

31



integrated to a seamless parametrization of which we have full control over631

size and orientation through the frame field optimization; this is a feature632

that is usually overlooked in field-based meshing methods. Finally, a quad633

mesh is extracted using a quantization approach that is free of any T-mesh or634

integer optimization. We believe this contribution of both of theoretical and635

practical importance, as it is a first step towards hex-meshable frame fields,636

and in the planar case provides a high-quality mesher with user control over637

the mesh sizing.638

Integrable non-odeco fields. An important limitation of our approach is that639

the tensor field is assumed to be odeco for the Lie bracket expression to be640

valid. This causes the frame field to not be exactly integrable near singular-641

ities. A possible solution for this is to remove the odeco assumption when642

writing out the eigenvalue perturbation problem. This makes it possible to643

write a Lie bracket that remains valid even if the tensor field is non-odeco (at644

least in the isotropic case). The price to pay is that the integrability condi-645

tion becomes a more complex, rational expression of the tensor coefficients.646

We leave the investigation of this approach for future work.647

The surface case. In its current state, the method does not take into ac-648

count curvature in the geometry, and hence only works in the planar case.649

The method can still be used on an open parametric surface that is nearly-650

isometric, by meshing the parametric space and pulling the mesh back onto651

the geometry. Future work will investigate how to extend the methodology652

to general surface geometries with curvature.653

The 3D case. The major advantage of our methodology is that it offers a654

natural extension to compute 3D integrable frame fields; indeed, the theory655

of odeco tensors, as well as the results on eigenvalue sensitivity, remain valid656

in arbitrary dimensions. The only obstacle remaining is to express the in-657

tegrability condition in terms of the algebraic frame representation We are658

confident that a solution can be found in future work.659
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Appendix A. Eigenvalue sensitivity for odeco tensors664

Let T be a fully symmetric fourth-order orthogonally decomposable ten-665

sor of dimension n, i.e., T =
∑n

i=1 λiv̂
4
i , or, in index notation,666

Tj1j2j3j4 = λiv̂i,j1 v̂i,j2 v̂i,j3 v̂i,j4 , (A.1)

with orthogonal unit vectors v̂i. Consider the contraction of T with one of667

its eigenvectors, v̂k:668

Tj1j2j3j4 v̂k,j4 = λiv̂i,j1 v̂i,j2 v̂i,j3 v̂i,j4 v̂k,j4 ,

= λiv̂i,j1 v̂i,j2 v̂i,j3δik

= λkv̂k,j1 v̂k,j2 v̂k,j3 ,

(A.2)

or, written compactly, Tv̂k = λkv̂
3
k. Contracting again and following the669

same procedure we find that Tv̂2
k = λkv̂

2
k and Tv̂3

k = λkv̂k, the latter being670

the definition of a tensor eigenvector. Consider now a specific eigenpair671

(λ,w), with w having unit norm. We wish to express the variation of the672

eigenpair (δλ, δw) given some perturbation of the tensor δT. We write the673

remainder of the proof in compact notation for brevity but the same steps674

can be performed in index notation. Since the eigenvectors have unit norm,675

any eigenvector is orthogonal to its variation:676

(w + δw) · (w + δw) = 1 ⇒ w · δw = 0, (A.3)

neglecting the higher-order terms (δw · δw). Writing the eigenvector defini-677

tion Tw3 = λw for the new eigenpair, we find678

(T+ δT)(w + δw)3 = λw + δ(λw)

���Tw3 + 3Tw2δw + δTw3 =��λw + δ(λw)

�����
3λw2δw + δTw3 = δ(λw)

(A.4)

We have used, respectively, the eigenvector definition, the contraction prop-679

erty Tw2 = λw2 and the orthogonality property w · δw = 0. This gives the680

desired sensitivity expression.681
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